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ABSTRACT: The entropy function for five-dimensional supersymmetric black rings, which
are solutions of U(1)® minimal supergravity, is calculated via both on-shell and off-shell
formalism. We find that at the tree level, the entropy function obtained from both per-
spectives can reproduce the Bekenstein-Hawking entropy. We also compute the higher
order corrections to the entropy arising form five-dimensional Gauss-Bonnet term as well
as supersymmetric R? completion respectively and compare the results with previous mi-
croscopic calculations.
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1. Introduction

The attractor mechanism has played an important role in understanding black hole physics
in string theory and has been studied extensively in the past decade. It was initiated in
the context of N = 2 extremal black holes [[l] and generalized to more general cases, such
as supersymmetric black holes with higher order corrections [f] and non-supersymmetric
attractors [f—f.

Recently, based on Wald’s entropy formula [f], A.Sen proposed an effective method for
calculating the entropy of D-dimensional black holes with near horizon geometry AdSs x
SP=2 which is named as “entropy function” method [ff]. It states that the entropy of such
kind of black holes can be obtained by extremizing the “entropy function” with respect to
various moduli, where the entropy function is defined as integrating the Lagrangian over
the horizon coordinates and taking the Legendre transformation with respect to the electric
charges. This method has been applied to many specific examples, such as extremal black
holes in higher dimensions, rotating black holes and non-supersymmetric black holes. For
recent developments, see [f]. It is also an useful way to calculate the higher order corrections
to the entropy. In particular, more recently we have shown that for some nonextremal
black holes in string theory, the entropy function method also works quite well [E] Similar
arguments that concerning entropy function for non-extremal black holes/branes appeared
very recently [[L(].

It is well known that for black holes in four-dimensional asymptotically flat spacetime,

there exists only one horizon topology S2. But for black holes in five-dimensional spacetime,



the horizon topology is not unique. A black hole solution with horizon topology S* x S2,
named as black ring, was presented firstly in [L1]. Several important developments are
listed in [[3-[L6], where various solutions, the microscopic entropy and relations to other
topics are discussed. For reviews, see [[L7].

The near horizon geometry of certain black holes and black rings turns out to be
AdSs x S?. It becomes AdS, x S? after dimensional reduction so that one expects the
entropy function formalism also works. Such attempts have been discussed in [[§, BI]
and an interesting paper appeared very recently [@}, where the entropy function for five-
dimensional extremal black holes and black rings is constructed in the context of two-
derivative gravity coupled to abelian gauge fields and neutral scalar fields, which shows the
validity of the entropy function in a general way.

Since the entropy function method can give the higher order corrections to the en-
tropy conveniently, it is interesting to study the corrections via the entropy function and
compare the results with microscopic calculations. In order to study the higher order cor-
rections to the entropy, we take supersymmetric black rings in U(1)% supergravity as a
concrete example. Firstly we carry out the analysis using the two-derivative on-shell and
off-shell supergravity, where we make a dimensional reduction so that the resulting action
is gauge and coordinate invariant. We find that the entropy function can reproduce both
the Bekenstein-Hawking entropy and the near horizon geometry, while the correct attractor
values of the moduli fields can also be obtained by extremizing the entropy function. Then
we calculate the R? corrections to black ring entropy by adding the five-dimensional Gauss-
Bonnet term which originates from R? terms in M-theory compactified on a Calabi-Yau
manifold as well as supersymmetric R? completion and compare our results with previous
microscopic considerations.

The rest of the paper is organized as follows. In section ] we review the supersymmetric
black ring solutions in the U(1)" theory and specialize to the case of N = 3. After
dimensional reduction to four-dimensional spacetime, the entropy function for U(1)? black
rings is carried out in section fJ. The higher order corrections to the entropy are discussed
in section f]. We summarize the results and discuss some related topics in section f.

2. Supersymmetric black rings in U(1)? theory

In this section, we review some salient properties of supersymmetric black ring in the U(1)3
theory, which are needed in the following calculations. For more details, see section II and
appendix B of [LJ].
Consider the case of minimal supergravity coupled to NV — 1 Abelian vector multiplets
with scalars taking values in a symmetric space. The action for such a theory is
1
- 167G5

where I, J,K = 1,...,N and the constants Cjjx are symmetric in (/JK). The N —1
dimensional scalar manifold is conveniently parameterized by the N scalars X!, which obey

1
/(R*l—G[JdXI/\*dXJ—G[JFI/\*FJ—EC[JKAI/\FJ/\FK>, (2.1)

the constraint 1
ECUKXIXJXK = 1. (2.2)



The matrix Gy is defined by

9 1
GIJEiXIXJ_§CIJKXK7 (23)
where X; = %CUKXJXK such that X; X1 = 1.
The supersymmetric black ring in U(1)? theory can be viewed as an eleven-dimensional
supertube carrying three charges and three dipoles after dimensional reduction down to

D =5 on T5. The configuration can be summarized as follows:

Qr M2:12—————

Q M2:——34———

M2:— — — — —
p1 mb:——3 45 6 1,
D2 mb:1 2 ——15 6 1,
D3 md:1 2 3 4 — — .

Such a configuration can be taken as a solution of D = 11 supergravity with the effective
action

_ 1
- 167TG11

1 1
S11 / <R11 *x11 1 — 5.7:/\ *11F — éf/\ F A .A> (2.5)

The eleven-dimensional solution describing this system takes the form

ds?) = ds? + X1 (d2? + d23) + X?(d23 + d23) + X3(d22 + dz22),
A= A" ANdzy Adzy + A% Ndzg A dzg + A3 A dzs A dzg, (2.6)

where z; denote the coordinates along the 123456-directions and A is the three-form po-
tential.

Note that if we reduce the eleven-dimensional action to five-dimensional spacetime on
TY using the ansatz P., we will obtain precisely the action .1 with N = 3, Crjx = 1 if
(IJK) is a permutation of (123) and Crjx = 0 otherwise, and

Gry = gdiag(X') 2, (X%) 2, (x%) 2] 27)

The resulting five-dimensional black ring solution is characterized by the metric dsg, three
scalars X?, and three one-forms A’, with field strengths F* = dA’, which are given by

ds? = —(H HoHs3)723(dt + w)? + (HyHyH3)'/3dx2,

Al = H7Ndt +w) — 2%[(1 +y)dy + (1 + 2)dg),

X' = H;'(H,HyHz)'/?, (2.8)



where

dx? = = fgy)Q yfyjl + (y? — 1)dy? + 1d_x; + (1 — 2?)d¢?|, (2.9)
Ho—14 Q12—R];2p3(x ) - %(12 — ),
Hy= 14 SoD Gy By (210)
Hs =1+ 7@32—]%];11?2 (x—y)— %(ﬁ — %), (2.11)
and w = wydg + wydyp with
we = —#(1 — &%) [p1Q1 + paQ2 + p3Q3 — p1pap3(3 + x + y)), (2.12)
Wy = %(Pl +p2+p3)(l+y) — é(ﬁ — 1)[p1Q1 + p2Q2 + p3Q3 — p1p2p3(3 + x + y)].

Note that the six-torus 7° has constant volume because X' X?X3 = 1.

The horizon locates at y = —oco and in order to obtain the near horizon geometry, we
have to take rather complicated coordinate transformations, which are discussed extensively
in appendix D of [B] and here we will not repeat any more. The resulting near horizon
metric is

2 de 2

AL - -
ds? = =rdid] + L*dg? + B 4+ T (d0 + sin? 0dg?), (2.13)

where

L=55123 QniQipj — 32 Qv — ARP* Yopi,
1

i<y ;
Q1 =Q1 —p2p3, Qo2=C0Q2—pip3, Q3= Q3— pip2,
p = (pipaps) /3. (2.14)

Finally, let # = p?7/4 and €® = p/2L, the near horizon metric (P.13) becomes
P2 di2 ~ p
ds® = I(—f2d72 + =) + L*(dy + €Fdr)* + Z(d92 + sin? fd¢?), (2.15)
T

which is the product of a locally AdSs with radius p and a two-sphere of radius p/2. The
Bekenstein-Hawking entropy is

A5 212 Lp?
4G5 4G5

SBH (2.16)

3. The entropy function analysis in four-dimensional spacetime

In this section, we will carry out the analysis of entropy function for supersymmetric black
rings in detail, using both the on-shell and off-shell Lagrangian at two-derivative level.



3.1 On-shell analysis

In this subsection, we calculate the entropy of supersymmetric black rings in U(1)? su-
pergravity via the entropy function formalism, which can be seen as a concrete example
of [BF]. According to [[f], in order to carry out entropy function analysis, the Lagrangian
must be gauge and coordinate invariant. Since the five-dimensional effective action con-
tains a Chern-Simons term, the Lagrangian is not gauge invariant and we have to reduce it
to four dimensions so that the entropy function can be applied. Such analysis was initiated

in [[lJ) and has been followed in [20, 1] and RJ].
We take the near horizon field configuration as follows:

ds? = w o (=r2dt? + dr? /r?) + va(dB* + sin® 0d¢?)] + w?(dy + e rdt)?,
Al = AL + ol (dip + €Ordt),

I
FSIrt =+ aIeO7 F4[7"t = 617 Flg"t = 607 F519¢ = F4[9¢ - 51)[ sin,

X =2! T1=1,23. (3.1)
Note that the v components of the gauge potential become axions in four-dimensional
spacetime. The entropy function analysis will be processed in four-dimensional spacetime
after dimensional reduction on % coordinate. Define

fo= 1o [ ddoV=g(Ly + Loos) = fy + focs: (3.2)

where Lycg is the Chern-Simons term down to four dimensions and EE) denotes the resulting
Lagrangian coming from the gauge and coordinate invariant terms in the original five-
dimensional supergravity. Throughout the work, the four-dimensional Newton constant is
set to be G4 = 1 so that G5 = 2.

Note that for a consistent dimensional reduction, the first term in (B.9) can be evaluated
in the original five-dimensional background without writing out the expression for the
reduced action explicitly, what we should pay attention to is the second Chern-Simons
term. In four-dimensional spacetime such a term becomes

%A5 ANFsANFy = e ! (%CIJKaIaJaKFBWFf)\UEW)‘O + iCIJKaJaKFfWFfMeW)‘U
—{—iC’UKaJaKFBWFiAUEW)‘U + %CIJKaKFiﬂVF4‘&Ue“”AU> ,
wv,\o =t,r6,¢, I=123. (3.3)
Next, define

_ 000 19y
o 0eY Del

where Fj is a function of vy, ve, w, a’ and z!. Finally, the entropy is given by

Fy +e — fo, (3.4)

Spr = 21k (3.5)



after extremizing Fy with respect to various moduli and substituting their values back into
Fy.

We can obtain the explicit results of EIO and Lycg directly by putting the near horizon
field configuration (B.1)) into (B.9),

/ 2w 2w (60)2’U)4 1 In—9 w2 T I 0n2 1 I U}2 o
o L L 1 w? 1 w?
’ ( U1 * V2 + 2’0% * 2($ ) U% (6 tae ) S(x ) U% (p ) )
Locs = 2¢ " sin0Cry('p'a’a® +elpla®). (3.6)

One subtle is that the definition of electric charges will receive modifications in the presence
of Chern-Simons terms. In the usual analysis of entropy function, the electric charges are
defined by q; = 0f/0e!. However, when Chern-Simons terms are taken into account,
the corresponding expression gives the so-called “Page charge” introduced in [J], whose
definition is given by

QPage ~ /*F + ANF. (37)
The subsequent calculations are straightforward and the expression for Fj is
274 2 2
v v pLiw 10 ow o roy2 , Lo oW 1o
Fp=——— - — — — 3.8
=% T3 T e W) @ radl @) (38

where we have replaced €? by the “true” electric charge gop = 0 fé /0e? = ivf Logw3el. We

can obtain the correct values of the various moduli fields by solving the following equations
oFy, 0Fy, O0Fp 0Fy OFy

Doy vy 0w " oa ol 0 (3.9)

The solutions to the above equations are given as follows

I I
M =vg=— w=0L al= p—, al = ¢ (3.10)
p

—
note that the x’s are not independent, subject to the constraint z'z?z3® = 1. Thus we
have obtained the correct near horizon geometry and attractor values of the scalar fields.
Furthermore, we can obtain the entropy by putting all the values back into F,

wLp?
4 )

Spr = 21Fy = (3.11)

which reproduces the Bekenstein-Hawking entropy.

3.2 Off-shell analysis

We will calculate the entropy function using the off-shell formalism. One advantage of
the off-shell formalism is that the supersymmetric completion of an R? term can be re-
alized more conveniently. For simplicity, we just list the basic ingredients of the relevant
supermultiplets briefly. Details for the five-dimensional off-shell supergravity can be found

in [R6] and references therein. Similar work has been done in [RJ], where both the entropy
function formalism and the so-called “c-extremization” [B(] are discussed.



The irreducible Weyl multiplet, which consists of 32 bosonic plus 32 fermonic compo-
nent fields, contains the following fields

et, Y, VI, by o™ X, D, (3.12)

a
i

erator and dilatation generator respectively. 1% and x* are SU(2)-Majorana spinors. Note
ab

where e are the vielbein, V,fj and b, denote gauge fields associated with the SU(2) gen-

that v®, ¥ and D are auxiliary fields, where v® is antisymmetric in @ and b and D is a
scalar. The vector multiplet consists of gauge fields A{“ scalar fields M', SU(2)-Majorana
gaugini Q! and SU(2)-triplet auxiliary fields Y/ which can be gauged away.

After gauge fixing, the bosonic terms in the two-derivative Lagrangian of N = 2
supergravity with the Weyl multiplet and n, vector multiplets can be expressed as

1.3 1 1
Lo=—5D+ IR+ v +/\/<§D + R+ 302> + 2N Fy,

1 1 1
+/\/}J<ZFC{bFJ“b + 5ame oM’ > + ﬂe_lCI kAL FE abede (3 13)

where the functions characterizing the scalar manifold are defined as
1 1
NZEC]JKMIMJMK7 szajN:§C]JKMJMK, /\/]J:C[JKMK, (3.14)

with I,J,K = 1,...,n,. Note that the equation of motion for the auxiliary field D fixes
N =1, that is, the scalars parametrize the “very special geometry”. The auxiliary fields
v® and D can be eliminated via their equations of motion and the resulting Lagrangian is
the familiar one arising from the compactification of eleven-dimensional supergravity on a
Calabi-Yau manifold with intersection numbers C7 k.

The near horizon field configuration can be taken as follows

ds? = w™ vy (—r2dt? + dr?/r?) + va(d6? + sin? 0d¢?)] + w?(dyp + eOrdt)?,

FEJIrt = eI + BOaI, F4I7"t = 61’ Flg"t = 60 = %’ F5I€¢ = F4[€¢ = %pl sinﬂ,
M =mp!, vgy = V sinf. (3.15)

The auxiliary fields can be eliminated by solving the equations

8E0 8E0 850
—— =0, — =0, — =0 3.16
oD 7 9V oom (3.16)
which gives
D=12p7 2, m=p !, V= —gp. (3.17)

After substituting (B.17) back in to Lo, which gives

2w 2w () w! 3w? 1 K w?
Lo = - — - 2 - I 0.1 J 0 pX w?
0 < V1 + V9 + 21)% 2p CIJK(@ +ea )(e +ea ) -

B 8v; 2 P V]
—2¢ 1t sin 0C s (ePpla” o + elp’al). (3.18)

Then the subsequent analysis is similar to the on-shell case discussed in the previous
subsection and the same result will be obtained, which would not be repeated here.



4. Higher order corrections

In this section we would like to discuss higher order corrections to black ring entropy, which
can be obtained in a similar way by incorporating the higher order corrections into the effec-
tive action. We will use two different actions, one of which is the five-dimensional Gauss-
Bonnet term coming from the compactification of M-theory on a Calabi-Yau three fold
CY3 [BF), while the other is a supersymmetric completion of R? terms in five-dimensional
supergravity proposed recently [R§]. We also compare our results with the one obtained
from microscopic considerations.

4.1 5D Gauss-Bonnet corrections

The higher order corrections to the low energy effective action for the compactification of
M-theory on a Calabi-Yau threefold C'Y3(here is T°) down to five dimensions takes the
following form

1
o 29372

Icn /d5$\/ —gc - X(Raﬁ“VRaﬁﬂV — 4RaﬁRa6 + R2), (4.1)

where ¢ - X = cpr X! with ¢o; denoting the components of the second class of CY3. In
principle, we should do dimensional reduction on Lgp down to four-dimensional spacetime.
However, as pointed in previous section, such a term can be evaluated in the original five-
dimensional background without the explicit resulting four-dimensional action, for this
term is gauge and coordinate invariant.

Define

1
h= 16 dfdp/~gLcn (4.2)

and substitute the five-dimensional near horizon metric in (B.1]) into the above expression,
we can arrive at the following result

1 I
PP (g4 2L (4.3)

f1:3-26 P v

where the scalar fields X! have been taken their attractor values X! = p! /p. Then we can
redefine F' = Fy — f1 in a straightforward way and obtain the corrections to the entropy.
However, it seems that such equations can not give explicit solutions for the moduli fields.

As pointed out in [2(], since the entropy is related to the value of F at its extremum,
a first order error in the determination of the near horizon background will give a second
order error in the value of the entropy. Thus if we want to obtain the first order correction
to the entropy, we can find the near horizon background just by extremizing F and then
evaluate F' in this background. Finally, the entropy is given by

Spu = 27F, (4.4)

after substituting the values of various moduli fields obtained by extremizing Fy. Thus we
can obtain the first order corrections to black ring entropy

T L
ASpr = —27f1 = 16° -p;. (4.5)



4.2 Supersymmetric R? corrections

One shortcoming of the five-dimensional Gauss-Bonnet Lagrangian is that it is not su-
persymmetric, so several terms relevant to the entropy might be omitted. Fortunately, a
supersymmetric completion of R? terms in five-dimensional supergravity has been realized
recently in [R6] and several relevant applications have been listed in [R9). Thus one can
revisit the higher order corrections by making use of the supersymmetric R? action.

A particular higher order term has been taken into account in [Rf] and the super-
symmetric completion has been realized there. The particular term is the so-called mixed

gauge-gravitational Chern-Simons term

eLos = —CQ—IAI ATH(RAR) = - 166abcdeAI“Rbcf9Rde (4.6)

with co; being the expansion coefficients of the second Chern class, which comes from the

anomaly arguments. The four derivative supersymmetric completion of the Chern-Simons
1

term has been given in [R§| and the relevant terms for the calculation are

c 1 1 1 1
L = % (Ee_leabcdeAlaCbCfngefg + gMICadeCabcd + EMIDQ + EFIabUabD

1 8 R
——M Cabcdva v°e §F1abcabcd1)6d + gMIUabDb’Dcvac

3

4 A A 4 A . 2 .
—i—gMID“vbcDavbc + ngD“vbcvaca — geflMIeabcdev“bUCdevef

2 N .
_{_geleIabEabcde,Ucdevef + eleIabeabcde,Uchd,Uef

4 1
_gFIabUacUCdUdb . gFlab%LbUQ + 4Mlvabvbcvcdvda . MI(UabUab)2>, (4.7)

with Cypeq the Weyl tensor defined as

2 1
Cabed = Raped — g(ga[cRd}b - gb[cRd}a) + ERga[cgd]b' (48)

The double covariant derivative of v, is given by
A1 L ac b ac 2 ac b 1 ab
VDD = vy D° D0 + 3V vepRa + 13 Vab? R, (4.9)

where the superconformal derivative is related to the usual derivative as 15“ =D, —b,.
For our background which satisfies Dope = 0, following [(]], the first order corrections
to the black ring entropy can be obtained by substituting (B.10) and (B.17) into

A'Spr = 2nF, = =2 f}, (4.10)

where
!

1
fi = 1o | dodov/=gLr. (4.11)

The difference in the overall coefficients is due to the different conventions of the five-dimensional
Newton constant.



The result is
/ mTC-p
A Sgr=——"L, 4.12
BR= g (4.12)

which shows similar behavior as the Gauss-Bonnet corrections but with different numerical
coefficients.

4.3 Comparison with the microscopic corrections

Now we would like to compare our results with the microscopic entropy obtained in previous
papers @, . The microscopic corrections reads

- -
ASBRmic = 6% P\ Q_Co’ (4.13)

where?qy denotes the left-moving oscillator number and C is related to the left-moving
central charge cp, by ¢, = 6C. The expressions for the quantities are given as follows

a 1 AB CL
do = —Jy + 120 qaqB + 21’
C 1 /(e @6 ¢ 1 112 2 \2 3 2
p— —J —_— —_— _
ot G g (AR B ) () + 0P P,
CAB = (Capcp®) ™! = (Capep™pPp®) 7,
3
cr, = 6C = GCABCpApoC = 1p1p2p3. (4.14)
One can see that
b= L%, C=1p (4.15)
qO - 8 p7 - 8p 9 .
th
en - I
ASBRmic = EC . p;a (416)

Comparing ([.§) and ([.12) with the above microscopic correction, we can find that all
of them behave similarly up to a numerical constant. Furthermore, the correction obtained
from the supersymmetric completion is more accurate than the Gauss-Bonnet correction,
which means that the former action contains more terms that are necessary in considering
the higher order corrections to black ring solutions.

5. Summary and discussion

In this paper, we have constructed the entropy function for supersymmetric black rings
in U(1)® theory from both on-shell and off-shell perspectives, which can be seen as a
concrete realization of [PJ). We have found that after dimensional reduction down to four-
dimensional spacetime, the effective action is gauge invariant and we can carry out the
entropy function analysis. We have reproduced the Bekenstein-Hawking entropy precisely
and have obtained the correct attractor values of the scalar fields via the entropy function
using both formalisms. Note that when we set Q1 = Q2 = @3, g1 = g2 = ¢3, the black ring

2 1 I 1,1
Note that Githere = 7 {lhere; Pthere — 3Phere

,10,



becomes the solution presented in [[J], which implies that the entropy function formalism
can also be applied to those cases.

The higher order corrections to the entropy have also been discussed and two kinds of
corrections have been considered. One is due to the five-dimensional Gauss-Bonnet term
which comes from R?* corrections in eleven-dimensional M-theory compactified on C'Y3 but
is not supersymmetric itself, while the other arises from a supersymmetric R? completion
of the five-dimensional supergravity. Unfortunately, we have found that although both of
them can give similar behavior as the microscopic result, the numerical coefficients can
not be reproduced successfully. However, the result obtained via the supersymmetric R?
completion is more accurate than that obtained via the five-dimensional Gauss-Bonnet
term, which means that the former contains more information about the corrections and
there might still be some relevant terms ignored.
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